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Logarithmic Sobolev inequalities with potential functions on loop spaces
were proved by L. Gross (1991, J. Funct. Anal. 102, 265313), S. Aida (1996, in
‘‘Proceedings of the Fifth Gregynog Symposium, Stochastic Analysis and Applica-
tions,’’ pp. 119, World Scientific, Singapore), and F.-Z. Gong and Z.-M. Ma (1998,
J. Funct. Anal., 599623). The generators of the Dirichlet forms are Schro dinger
operators on loop spaces and they generate hyperbounded semigroups. Recently,
F.-Z. Gong, M. Ro ckner and L. M. Wu (2000, Poincare inequality for weighted first
order Sobolev spaces on loop spaces, submitted) proved the existence of the gap of
spectrum at the lowest eigenvalue of the Schro dinger operators by using M. Hino’s
exponential decay estimates of the semigroup (2000, Osaka J. Math. 37, 603624)
and the author’s strong ergodicity property of the semi-group (S. Aida, 1998, J. Funct.
Anal. 158, 152185). In this paper, we will give a lower bound on the gap by using
a weak Poincare inequality which was introduced by M. Ro ckner and F.-Y. Wang
(2000, Weak Poincare inequalities and L2-convergence rates of Markov semigroups,
preprint). Also we will give estimates on the distribution function of ground states
using the weak Poincare inequality.  2001 Academic Press
Key Words: Schro dinger operator; logarithmic Sobolev inequality; spectral gap.
1. INTRODUCTION
Let (X, B, m) be a probability space and Pt be a conservative symmetric
Markovian semigroup on L2 (X, m). Then it holds that E(1, 1)=0, where
(E, D(E)) denotes the corresponding Dirichlet form and we denote by L
the nonpositive generator. *1=inf[_(&L)"[0]] is called the spectral gap
of &L and *1>0 implies the exponential rate convergence of the semi-
group in L2. Here _( } ) denotes the spectral set. If Pt has the density func-
tion p(t, x, y) with respect to m then we have *1supt>0 1t essinfx, y
p(t, x, y). This gives a lower bound on *1 . However there are many cases
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where essinfx, y p(t, x, y)=0 or Pt does not have the density function while
*1>0. On the other hand, Kusuoka introduced a strong ergodicity condi-
tion of Pt (=uniform positivity improving property, UPIP for short) in
[32]. UPIP is a natural generalization of essinfx, y p(t, x, y)>0. Also he
introduced a related property of Dirichlet form (=weak spectral gap
property, WSGP for short) in the same paper and proved that UPIP
implies WSGP. He used them to study the Dirichlet form on a subset in
a Wiener space and proved WSGP of the Dirichlet form. These notions of
strong ergodicity conditions are weaker than *1>0. However WSGP has
good comparison results and stability property under the change of carre
du champ and the reference measure. See Lemma 2.2 and Lemma 6.3
(originally Lemma 5.1 in [3]) in the present paper. It was proved in [3]
that WSGP holds on a loop space over a simply connected compact
Riemannian manifold by using the stability property and Kusuoka’s
results. Also Mathieu [35] and the author [3] noted that the validity of
some Sobolev type inequalities and WSGP imply *1>0. Now we shall
explain what Sobolev type inequalities on a loop space are. Gross [21]
proved a logarithmic Sobolev inequality (=LSI for short) with a potential
function such that
|
X
u(x)2 log(u(x)2&u&2L2(m)) dm
|
X
|Du(x)| 2 dm+|
X
V(x) u2 (x) dm, (1.1)
where X is a based loop space over a compact Lie group G, D denotes the
H-derivative, V is a certain positive function and m is the pinned Brownian
motion measure. Pinned measures seem to be natural measures to develop
differential calculus over loop spaces. The author [1] and Gong and Ma
[24] proved a similar kind of inequality on a loop space over a compact
Riemannian manifold. When V is a constant function, (1.1) is called a
defective logarithmic Sobolev inequality (=DLSI for short) and when
V=0, it is an LSI itself. If one can prove DLSI, then the Poincare
inequality and so LSI hold on a loop space over a simply connected com-
pact Riemannian manifold because WSGP is valid on the loop space. This
is a conclusion of [35] and [3]. However there were trivial examples only
that DLSI can be proved for the pinned measure at that time. Note that
the simply connectedness of the manifold is necessary condition for the
existence of spectral gap. Of course, we can work on the each homotopy
class of the loop space in general cases.
After these works, Hino [28] extended the results to positivity preserv-
ing semigroup Pt=etL. In this case, *0=inf _(&L) may not be 0. He
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assumed the existence and the uniqueness of an eigenfunction 0 whose
eigenvalue is *0 and proved that inf[_(&L)"[*0]]&*0>0 is equivalent to
UPIP of Pt and his property (I) which is weaker than a Sobolev type
inequality. Also he proved that WSGP ad UPIP is equivalent to each other
in [29].
On the one hand, the author ([5, 6]) proved a certain LSI on a loop
space over a rotationally symmetric Riemannian manifold including a
hyperbolic space. Martingale representation theorems are key ingredients
in the paper. The idea was already used by CapitaineHsuLedoux [12]
and Fang [17] on (not pinned) path space. However Eberle [16] proved
that there is no spectral gap on a loop space with a pinned measure over
a certain compact Riemannian manifold which is diffeomorphic to a
sphere. Therefore we may need to adopt a different reference measure from
the pinned measure. Indeed previous to Eberle’s work, Gross [22] already
mentioned a related conjecture. In [22], he proved that a Schro dinger
operator LV which is a generator given by the Dirichlet form in the right-
hand side in (1.1) has a unique ground state 0 with &0&L2=1 and 0>0
when G is simply connected. Then he considered a Dirichlet form
E0 (u, u)=|
X
|Du(x)|2 0(x)2 dm(x) (1.2)
on a loop group and conjectured that LSI holds for this Dirichlet form
on L2 (02m). For this conjecture, recently, GongRo cknerWu [25]
proved the existence of the spectral gap for the Dirichlet form E0 (actually
including more general setting) by using the Hino’s result and the author’s
result.
The aim of this paper is to prove the existence of the spectral gap of the
Dirichlet form (1.2) in a general setting. The main estimate will be given in
Theorem 4.8 in Section 4. More precisely, we will consider a Schro dinger
operator LV=L&V which generates a hyperbounded semigroup on
L2 (X, m). Here we will assume that a weak Poincare inequality (=WPI
for short) holds for &L. The generator of the Dirichlet form E0 is unitarily
equivalent to the Schro dinger operator &LV&inf _(&LV) by the unitary
transformation U0 : u  u0&1 between L2 (m) and L2 (02m). Actually our
results are concerned with the gap of spectrum of &LV&inf _(&LV) also
the same as in [25]. In this respect, there is a nontrivial domain issue. WPI
is the following inequality: For any $>0, there exists a constant !($)>0
such that for any u # D(E) & L (X, m),
|
X \u&|X u dm+
2
dm!($) E(u, u)+$ &u&2L . (1.3)
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Clearly this is a generalization of the Poincare inequality and stronger than
the irreducibility of E. WPI was introduced by Ro ckner and Wang [39]
and they proved that it is equivalent to WSGP. Thus this paper will give
a proof for the existence of spectral gap based on Dirichlet forms differently
from [25] and [28]. Our proof gives a quantitative lower bound estimate
on the gap of spectrum by using the function m(0=) and !( } ).
Irreducibility of the Dirichlet form implies the almost everywhere positivity
of 0. In Section 3, we can give an upper bound on m(0=) using !( } ) in
WPI.
In Section 5, we will consider a Schro dinger operator on a Wiener space.
In this case, we can give a better bound on m(0=) than the estimate in
Section 3 using KusuokaWang’s dimension free Harnack inequalities
([32, 43]). Using it and the general results developped in Section 4, we will
give an explicit bound on the gap in terms of the potential. Note that the
results in this section are applicable to the Schro dinger operator &2+V
on Rn, where 2 is a usual Laplacian and V satisfies a certain growth condi-
tion. See Remark 5.6.
The function \t ( } ) of UPIP (see (E2) in Definition 2.1) and the function
!( } ) in (1.3) has some relations. However at the moment, explicit bounds
of both of functions are not known on loop spaces generally. In Section 6,
we will give some criterion for WSGP and estimates on !( } ) although they
are still not enough to obtain estimates in the case of loop space generally.
There are three main results in this section.
(1) WPI is stable under connected sum of the state spaces the same
as the Poincare inequality. By this property, we will prove WPI on a con-
nected open set in a Wiener space. This proves a special case of Kusuoka’s
theorem. But to prove WSGP for loop space, we have to replace the open
set assumption by ‘‘H-open set’’ assumption.
(2) It is proved that heat kernel measure and pinned Wiener measure
on a loop group are equivalent in Driver and Srimurthy [15] and [7].
This and Lemma 6.3 give another proof of WSGP on a loop group because
the Poincare inequality are proved for heat kernel measures by Driver and
Lohrenz [14]. But since we do not have any explicit bound on the density
function of the two measures, we still do not have any explicit bound on
!( } ).
(3) In [4], the author proved a certain LSI on loop space over
hyperbolic space. It gives an explicit bound on !( } ) on loop space over
hyperbolic space. This result is proved by the stable property of WSGP in
Lemma 6.7. This is only known estimate on !( } ) on loop space to the
author’s knowledge.
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2. PRELIMINARY
Let (X, B, m) be a probability space. We denote by E[ ], ( ) m the
expectation. We denote the L p-norm on a measurable subset A by
& &L p(A, m) . If there are no danger of the confusions, we will denote it by
& &L p(A) , or just by & &Lp(m) , & &L p . For simplicity, we denote the L-norm
by & & . Also we denote L&=1p< L p. For an L2-integrable func-
tion ., we define a measure m. by dm.=.2 dm. We always assume that
Dirichlet forms in this paper satisfies the following.
(A1) Pt denotes a symmetric Markovian semigroup on L2 (m) and
(E, D(E)) denotes the corresponding Dirichlet form. We assume that Pt is
conservative. Furthermore we assume that (E, D(E)) satisfies the local
property and E admits a carre du champ 1 in the sense of [11] such that
E(u, v)=X 1(u, v) dm.
Then by Theorem 6.1.2 in [11], for any C1-function . on Rn with
bounded derivatives and [ui]ni=1 /D(E), it holds that
1(.(u1 , ..., un), .(u1 , ..., un))
= :
n
i, j=1
1(ui , uj) i.(u1 , ..., un) j.(u1 , ..., un). (2.1)
For simplicity we denote 1(u, u)=1(u), E(u, u)=E(u) sometimes.
We will recall our strong ergodicity conditions.
Definition 2.1. (E1) For any [un]/D(E) with (u) m=0, supn &un&
< and limn   E(un , un)=0, it holds that
lim
n  
&un&L2=0.
(E2) For any 0<=<1, there exists a time t>0 such that
\t (=) :=inf[(Pt 1A , 1B) | A, B/X with m(A)=, m(B)=]>0. (2.2)
(E3)
lim
t  
sup
&u&L21
&Pt u&(u) m&L1=0 (2.3)
(E4) For any 0<=<1 and t>0, it holds that \t (=)>0.
(E5) For any $>0, there exists a constant !($)>0 such that for any
u # D(E) & L (X, m),
&u&(u) m&2L2(m)!($) E(u, u)+$ &u&
2
 . (2.4)
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Note that (E1) is equivalent to
(E1)$ For any [un]/D(E) with (u) m=0, supn &un &L2< and
limn   E(un , un)=0, it holds that
lim
n  
&un&L1=0.
Actually all properties above are equivalent. We call this property weak
spectral gap property (=WSGP for short) of (E, D(E)) and the uniform
positivity improving property (=UPIP) of Pt . Clearly this property is
stronger than the irreducibility of E which is equivalent to the positivity
improving property (=PIP) of Pt . Note that the definition of the PIP of
Pt is that for any t>0 and u( # L1)0 with u{0, it holds that Pt u(x)>0
a.e. x. It is equivalent to the ergodicity of Pt , that is, for any u, v( # L2)0
with u{0 and v{0, it holds that (Pt u, v)L2>0 for some time t>0. Simon
[41] proved this equivalence by using the analytic continuation of (Pt u, v)
with respect to t to the right half plane in C. The equivalence of (E1) and
(E3) is due to Mathieu [36]. Clearly (E3) implies (E2) and Kusuoka [32]
proved that (E2) implies (E1)$. (E5) was found by Ro ckner and Wang
[39]. The equivalence with (E1) is due to them. We will give a proof on
the equivalence (E5) and (E3) in Section 5. Clearly (E4) implies (E2). The
converse is proved by Hino in [29]. He also used the complex analytic
property of (Pt u, v).
WSGP has strong stability property under several perturbations of the
Dirichlet form. The similar statement to the following can be found in
Lemma 4.1 in [28] and Theorem 6.1 in [39].
Lemma 2.2. Assume (2.4) holds. Let . # D(E) and assume that .>0
almost everywhere, &.&L2(m)=1 and 1(.).2 # L1 (m). For u # D(E) &
L (m), let
E. (u, u) :=|
X
1(u) dm. . (2.5)
Then for any r>0, =>0, K>0, $>0,
&u&(u) m. &
2
L2(m.)

!($) K4
=2
(1+r)2 E. (u, u)+‘. (r, =, K, $) &u&2 , (2.6)
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where
‘. (r, =, K, $)=K 4 {(1+r)(1+r&1) !($) |[.=]
1(.)
.2
dm+(1+r) $
+(1+r&1) m(.=)=+4 |[.K] .2 dm (2.7)
and
inf[‘. (r, =, K, $) | =>0, K>0, $>0]=0. (2.8)
Proof. It is sufficient to consider the case where X 1(u, u) dm.<.
Let ,= be the nonnegative function such that ,= (t)=t= for 0t= and
,= (t)=1 for t=. Let /= ,= (.). Then
E(u } /= , u } /=)
(1+r) | 1(u) /2= dm+(1+r&1) | u2,$= (.)2 1(.) dm

(1+r)
=2
E. (u, u)+(1+r&1) &u&2 |
[.=]
1(.)
=2
dm

(1+r)
=2
E. (u, u)+(1+r&1) &u&2 |
[.=]
1(.)
.2
dm. (2.9)
Here we have used that /=.= in the second inequality. Thus by the
assumption (2.4),
&u/=&(u/=) m&2L2(m)
(1+r) !($)
=2
E. (u, u)
+\(1+r&1) !($) |[.=]
1(.)
.2
dm+$+ &u&2 . (2.10)
By the identity &u&(u) m&L2(m)=infc # R &u&c&L2(m) and the inequality
2abra2+r&1b2,
&u&(u) m&2L2(m) &u&(u/=) m&
2
L2(m)
(1+r&1) &u&u/=&2L2(m)+(1+r) &u/=&(u/=) m&
2
L2(m) .
(2.11)
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By (2.10) and (2.11),
&u&(u) m&2L2(m)
!($)
=2
(1+r)2 E. (u, u)+{(1+r)(1+r&1) !($) |[.=]
_
1(.)
.2
dm+(1+r) $+(1+r&1) m(.=)= &u&2 .
(2.12)
Now let us consider L2 (m.) norm.
2 &u&(u) m. &
2
L2(m.)
=||
X_X
(u(x)&u( y))2 .(x)2 .( y)2 dm(x) dm( y)
=||
X_X
(u(x)&u( y))2 .(x)2 .( y)2
_1[.(x)K] 1[.( y)K] dm(x) dm( y)
+||
X_X
(u(x)&u( y))2 .(x)2 .( y)2
_1[.(x)>K, or .( y)>K] dm(x) dm( y)
K4 || (u(x)&u( y))2 dm(x) dm( y)
+8 |
[.K]
.(x)2 dm(x) &u&2 . (2.13)
Hence (2.7) follows from (2.12) and (2.13). We will prove (2.8). Let } be
an arbitrary positive number. First let K be a sufficiently large number,
then 4 [.K] .
2 dm}. We fix such a K. Then take $ such that
K4 (1+r) $<}. Now fix $. Then for sufficiently small =, we have
K4 (1+r)(1+r&1) !($) |
[.=]
1(.)
.2
dm+(1+r&1) m(.=)}. (2.14)
These complete the proof. K
3. ESTIMATES ON GROUND STATES
Let (E, D(E)) be a Dirichlet form and let L be the corresponding non-
positive generator. In this section, we will study estimates on the ground
state of the Schro dinger operator &L+V on L2 (X, m), where V is a real
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valued measurable function. Although we are mainly interested in the
Schro dinger operators which generate hyperbounded semigroups, we will
consider more general cases in this section. That is, in this section, we
always assume that
(A2) Let V\ (x)=max(\V(x), 0). Then V+ # L1 (m) and there exist
a # (0, 1) and b # [0, ) such that for all u # D(E) & L2 (V+ } m),
|
X
V&u2 dma {E(u, u)+|X V+u2 dm=+b &u&2L2(m) . (3.1)
This assumption appeared in [25] too. Note that V # L1 holds under
(A2). (A2) holds if &L+V satisfies an LSI and exponential integrability of
V& . We will discus such a situation in the next section.
Now we recall the definition of the Schro dinger operator &L+V.
Consider a densely defined symmetric form:
D :=D(E) & L (X, m), (3.2)
EV (u, v) :=E(u, v)+|
X
V uv dm (u, v # D). (3.3)
It easily follows from (A2) that EV is a symmetric form satisfying that for
any u # D,
EV (u, u)&b &u&2L2(m) . (3.4)
We denote by EV again the smallest closed extension which may not be a
Dirichlet form. We denote the corresponding L2-symmetric semigroup by
Tt and the generator by (LV , D(LV)) such that Tt=etLV. Formally
LV=L&V holds. Note that &LV is semibounded, that is *0 (V) :=
inf _(&LV)>&, where _(&LV) denotes the spectrum set of &LV . We
have the following identification of the domain of EV which are proved in
Proposition 2.1 in [25].
Lemma 3.1. D(EV)=D(E) & L2 ( |V| dm).
In addition to (A2), we assume the existence of ground state of LV in
this section.
(A3) *0 (V) is a simple eigenvalue and there exists 0 # D(LV) such
that
LV 0=&*0 (V) 0, 0>0 a.e., &0&2=1. (3.5)
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Note that the existence of nonnegative eigenfunction 0 holds under
hyperbounded settings and the positivity is valid under PIP of Tt . See
Lemma 4.4.
Let T t f =0&1et*0(V)Tt ( f0). Then T t is a symmetric contraction semi-
group on L2 (m0). Let us denote by (E , D(E )) the corresponding closed
form to T t . It follows from the definition that
D(E )=[v0&1 | v # D(EV)], (3.6)
E (u, u)=EV (u0, u0)&*0 (V) } &u0&2L2(m) (u # D(E )). (3.7)
Formal calculation shows E (u, u)=X 1(u, u) dm0 . For this identifica-
tion, we have Lemma 3.2 below. I learned the result (3.8) in the article of
Shigekawa [40] and also from private communication with him although
it may be a standard fact. The main result of this lemma is (5).
GongRo cknerWu [25] proved a stronger statement under the additional
assumptions which include the quasi-regularity of E.
Lemma 3.2. (1) 0 # D(E).
(2)
|
X
1(0)
02
dm=|
X
(V&*0 (V)) dm. (3.8)
(3) Let
D0={u # D } E0 (u, u) :=|X 1(u, u) 02 dm<= . (3.9)
Then it holds that
{ u0+= } u # D, =>0=/D0 . (3.10)
(4) Let u # D0 . Then u0 # D(E) & D(EV) and
1(u0)=1(u) 02+21(u, 0) u0+1(0) u2. (3.11)
Also the following identity holds.
EV (u0, u0)&*0 (V) } &u0&2L2(m) =E(u0, u0)+|
X
(V&*0 (V)) u202 dm
=|
X
1(u, u) 02 dm. (3.12)
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(5) (E0 , D0) is a densely defined local Markovian symmetric form and
the smallest closed extension is (E , D(E )).
Proof. (1) Since 0 # D(LV), 0 # D(EV). So by Lemma 3.1, we com-
plete the proof.
(2) The following simple proof is due to I. Shigekawa. Let =>0 and
denote 0= 0+=. Since 0 is nonnegative and LV 0=&*0 (V) 0,
(LV+V) 0
0=
=
(V&*0 (V)) 0
0=
# L1 (X, m). (3.13)
By 0&1= # D(EV),
|
X
(V&*0 (V)) 0
0=
dm=|
X
(LV+V) 0
0=
dm
=|
X
LV0
0=
dm+|
X
V0
0=
dm (3.14)
=|
X
1(0)
02=
dm. (3.15)
By taking the limit =  0, we are done.
(3) Note that u0= # D(E) and
1 \ u0=+ =
1(u)
02=
&2u
1(u, 0=)
02=
+u2
1(0=)
04=
:=I1+I2+I3 . (3.16)
X |I1| dm0E(u, u) is trivial and
|
X
|I2 | dm0 2 \|X u2
1(u, u)
02=
dm0+
12
\|X
1(0)
02=
dm0+
12
2 &u& E(u, u)12 E(0, 0)12<. (3.17)
Concerning I3 ,
|
X
|I3 | dm0&u&2 |
X
1(0)
02
dm<. (3.18)
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(4) Let n (t) be a function such that n (t)=t (tn) and n (t)=
n+12 (tn+1) and &$n&1. Then un (0) # D(E) and by the deriva-
tion property,
1(un (0))=1(u) n (0)2+21(u, 0) $n (0) un (0)
+u21(0) $n (0)2. (3.19)
Since 1(u) n (0)21(u) 02, |21(u, 0) $n (0) un (0)|1(u) 02+1(0) u2,
u21(0) $n (0)2u21(0), by Lebesgue’s dominated convergence theorem,
1(un (0)) converges to 1(u) 02+21(u, 0) u0+1(0) u2 in L1 (m) sense.
Also by the calculation similar to this, it is easy to see that [un (0)] is a
Cauchy sequence. These imply u0 # D(E) and (3.11) holds. By Lemma 3.1,
0 # L2 ( |V| m) and so u0 # L2 ( |V| m). So by Lemma 3.1, u0 # D(EV). Now
let us prove (3.12). By the definition of 0, we have
|
X
(V&*0 (V)) 0u20 dm=|
X
V02u2 dm+|
X
LV0 } (u20) dm. (3.20)
Noting if u # D0 , then u2 # D0 and so u20 # D(EV). Therefore
|
X
(&LV0) } (u20) dm=|
X
1(0, u20) dm+|
X
V02u2 dm
=2 |
X
1(0, u) u0 dm+|
X
1(0, 0) u2 dm
+|
X
V02u2 dm. (3.21)
This and (3.11) implies (3.12).
(5) Since D is dense in L2 (m), [u0 | u # D] is dense in L2 (m0). By
lim
=  0
&u0&1= &u0
&1&L2(m0)=0 (3.22)
and Lemma 3.2 (3), (E0 , D0) is densely defined. Moreover (3.12) implies
that (E , D(E )) is a closed extension of (E0 , D0). By the definition of E ,
[u0&1 | u # D] is a dense subspace of D(E ) with respect to E +& &2L2(m0) -
norm and by (3.22), it suffices to prove that
sup
0<=<1
E0 (u0&1= , u0
&1
= )<, (3.23)
by BanachAlaoglu’s and BanachSaks’s theorems. It is what we already
proved in the proof of (3). K
485GAP OF SPECTRUM
Let
*1 (V)=inf[EV (u, u) | (u0) m=0, &u&2=1, u # D(EV)], (3.24)
*V =inf[E0 (u, u) | &u&L2(m0)=1, (u) m0=0, u # D0]. (3.25)
Then by Lemma 3.2 (4) and (5), *1 (V)&*0 (V)=*V . In the next section,
we will give a lower bound on *V by applying Lemma 2.2 to the case where
.=0. As readers see in Lemma 2.2, we need to estimate m(0=) and
[0=] (1(0)0
2) dm. Below we will give estimates on them by using WPI.
Lemma 3.3. (1) Let f be a C1-function on R with compact support.
Then it holds that
|
X
f (0&1)2
1(0)
02
dm+2 |
X
f (0&1) f $(0&1)
1(0)
03
dm
=|
X
(V&*0 (V)) f (0&1)2 dm. (3.26)
(2) For R0,
|
[0&1R]
1(0)
02
dm|
[0&1R]
(V&*0 (V)) dm. (3.27)
(3) Assume (E5) holds. Let
p0 =m(0e&1), (3.28)
n0=_ 4p01& p0&+1, (3.29)
#0=e&n0, (3.30)
where [x] denotes the greatest integer less than or equal to x. Then for
S#&10 and $>0,
m(log(0&1)S)
2(1& p0)&1 \!($) #&20 S &2 |[log(0&1)#0 } S]
1(0)
02
dm+$+
2(1& p0)&1
_\!($) #&20 S&2 |[log(0&1)#0 } S] |V&*0 (V)| dm+$+ . (3.31)
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(4) Assume that E satisfies Poincare ’s inequality and V # L p (m)
( p>1). Then log 0 # Lq (X, m) for 1q<2p and log 0 # D(E).
Proof. (1) Since f (0&1)2 0&1 # D(E) & L (X, m), f (0&1)2 0&1 #
D(EV).
Hence
|
X
(V&*0 (V)) f (0&1)2 dm=|
X
(V&*0 (V))
f (0&1)2
02
02 dm
=|
X \
f (0&1)
0 +
2
0(V+LV) 0 dm
=&|
X
1 \f (0
&1)2
0
, 0+ dm. (3.32)
By the derivation property of 1, we have
1 \f (0
&1)2
0
, 0+=&f (0&1)2 1(0)02 &2 f (0&1) f $(0&1)
1(0)
03
. (3.33)
This completes the proof.
(2) Let 0<=1, s # R and n be a positive integer. Let gs, =, n be a
smooth function on R such that gs, =, n (x)=0 for xs, gs, =, n (x)=1 for
s+=xs+n and gs, =, n (x)=0 for xs+2n. We assume gs, =, n is an
increasing function on [s, s+=] and satisfies that supx # [s, s+=] | g$s, =, n (x)|
2= and sup[s+n, s+2n] | g$s, =, n (x)|2. Now we apply (3.26) to the case
where f (x)= gs, =, n (log x). We define f (x)=0 for xes. Then
|
X
gs, =, n (log(0&1))2
1(0)
02
dm
+2 |
X
gs, =, n (log(0&1)) g$s, =, n (log(0&1))
1(0)
02
dm
=|
X
(V&*0 (V)) gs, =, n (log(0&1))2 dm. (3.34)
In this equation, first, take the limit n   and second take the limit =  0.
Since 1(0)02 is an integrable function and g$s, =, n is nonnegative on
[s, s+=], by using Lebesgue’s dominated convergence theorem, we have
|
[0&1e s]
1(0)
02
dm|
[0&1e s]
(V&*0 (V)) dm. (3.35)
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(3) First note that p0<1 by &0&L2=1. Let f be a C1-function such
that limx  + f (x)=+ with positive bounded derivative on (=, ) for
some =>0. Let R be the function on R such that R (t)=0 (tR),
R (t)=t&R (RtR+1) and R (t)=1 (tR+1). Note that
R, f :=R ( f (0&1))
= ( f (0&1)&R) 1[R f (0&1)<R+1]+1[ f (0&1)R+1] . (3.36)
By (2.4) and (A1),
&R, f&(R, f) m&2L2(m)
!($) |
[R f (0&1)R+1]
1(0)
04
| f $(0&1)|2 dm+$. (3.37)
Now let us calculate the variance of R, f . We have
\|X R, f dm+
2
=\|X ( f (0&1)&R) 1R f (0&1)<R+1 dm+
2
+m( f (0&1)R+1)2
+2 \|X ( f (0&1)&R) 1[R f (0&1)<R+1] dm+
_m( f (0&1)R+1) (3.38)
|
X
2R, f dm=|
X
( f (0&1)&R)2 1[R f (0&1)<R+1] dm
+m( f (0&1)R+1). (3.39)
Therefore
|
X
2R, f dm&\|X R, f dm+
2
m( f (0&1)R+1) {1&m( f (0&1)R+1)
&2 |
[R f (0&1)<R+1]
( f (0&1)&R) dm=
m( f (0&1)R+1)[1&m( f (0&1)R+1)
&2m(R f (0&1)<R+1)]. (3.40)
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Set f (x)=log log x and an, R=m(log log(0&1)R+n). Then by (3.37)
and (3.40),
an+1, R (1&an+1, R&2(an, R&an+1, R))
!($) e&2(R+n) |
R+nlog log(0&1)<R+n+1
1(0)
02
dm+$. (3.41)
Note that a0, Ra0, 0= p0<1. Thus using the lemma below, we have
m(log log(0&1)R+n0)

2
1& p0 \!($) e&2R |log log(0&1)R
1(0)
02
dm+$+ . (3.42)
Let S=exp(R+n0). Then exp(R)=#0S. So we get (3.31).
(4) In this case, !($)#!, independently of $. Let r be the positive
number such that 1p+1r=1. Let S be a sufficiently large number. Then
by Ho lder’s inequality, we have
m(log(0&1)S)
2(1& p0)&1 !#&20 S
&2 |
[log(0&1)#0 } S]
|V&*0 (V)| dm
2(1& p0)&1 !#&20 S
&2m(log(0&1)#0 } S)1r &V&*0 (V)&Lp .
By applying this estimate k-times, we get
m(log(0&1)S)Ck } S &2(1+
k
l=1 r
& l). (3.43)
This implies that for any q<2p, log 0&1 # Lq. log 0 # D(E) follows from
this and (3.8). K
Remark 3.4. (1) Under the additional hyperboundedness assump-
tion (A5), p0 has the following upper bound. By Lemma 4.7 (1),
p0m(012)=1&m(0>12)1&
9
16C 2V&7
. (3.44)
See Definition 4.5 for the definition of CV .
(2) The relation between the integrability of log 0 and V are com-
patible with the integrability suggested by the WKB approximation. See
Remark 5.6 (2).
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Lemma 3.5. Let [an]n0 be a nonnegative decreasing sequence satisfying
that a0C1<1 and
an+1 (1&an+1&2(an&an+1))C2 . (3.45)
Then for n[ 4C11&C1]+1,
an
2C2
1&C1
. (3.46)
Proof. Let
N :=inf {n } an&an+11&C14 = . (3.47)
Note that
N_ 4C11&C1 & . (3.48)
Suppose NN0 :=1+[
4C1
1&C1
]. Then a0&aN0C1 . However,
a0&aN0= :
N0&1
n=0
(an&an+1)>
1&C1
4
N0>C1 . (3.49)
This is a contradiction. So (3.48) holds. By (3.45),
aN+1 {1&C1&1&C12 =C2 . (3.50)
By this estimate and the decreasing property of [an], we complete the
proof. K
4. MAIN RESULTS
In this section, we will consider Schro dinger operators which generate
hyperbounded semigroups. That is, throughout this section, we always
assume that
(A4) V # L2 (m) and for any p1, &eV&&L p(m)<, where V& (x)=
max(&V(x), 0) and
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(A5) there exists :>0 such that for any u # D,
|
X
u2 log(u2&u&2L2(m)) dm:EV (u, u). (4.1)
(A5) holds on a loop space case as well as Wiener space case.
Example 4.1. Let (M, g) be a compact Riemannian manifold and
consider a loop space X=Lx(M)=C([0, 1]  M | #(0)=#(1)=x) with
pinned Brownian motion measure m. Then for a certain V # L& (X, m)
and the Dirichlet form which is defined by the H-derivative, the
inequality (4.1) holds. This inequality is proved on loop group by Gross
[21]. General cases are proved by [1] and Gong and Ma [24].
As mentioned in the previous section, we have
Lemma 4.2. (A4) and (A5) imply (A2).
Proof. Let u # D(EV+) and assume &u&L2(m)=1. Then by using Young’s
inequality stet+s log s&s (s0, t # R), we have
| V&u2 dma | u2 log u2 dm+a log a&a+| ea&1V& dm
a:EV+ (u, u)+a log a&a+| ea&1V& dm, (4.2)
which completes the proof. K
So under (A4) and (A5), we can define a closed form EV and the
Schro dinger operator LV and the Schro dinger semigroup Tt . Also (4.1) still
holds for EV+ by the same log-Sobolev constant :. We denote the corre-
sponding diffusion semigroup by T +t . Since EV+ is a Dirichlet form which
satisfies an LSI, T +t is a hypercontractive semigroup and T
+
t:
: L43 (m) 
L163 (m) is a contraction map, where t:=
: log 13
4 . See [20, 23].
Furthermore we assume that
(A6) There exists a symmetric diffusion process X xt which corre-
sponds to the diffusion semigroup Pt . x denotes the starting point and we
denote the expectation by Em [ ] with respect to the diffusion measure
whose initial measure is m itself.
Then we can prove the hyperboundedness of Tt .
491GAP OF SPECTRUM
Lemma 4.3. For any u # L2 (m), it holds that
&Tt: u&L4&e
t: V&&L8 } &u&L2 . (4.3)
Proof. By Theorem 2.3 and its Remarks (ii) in [44], the following
FeynmanKac formula holds.
Tt u(x)=E _exp \|
t
0
(&V(X xs ) ds)+ u(X xt )& . (4.4)
Therefore using Ho lder’s inequality,
|Ttu(x)|4E _exp \|
t
0
3V& (X xs ) ds+&
43
_E _exp \&|
t
0
3
2
V+ (X xs ) ds+ } |u(X xs )|32&
83
. (4.5)
Using Schwarz’s and Jensen’s inequalities, we have
|
X
|Ttu(x)| 4 dm(x)Em _exp \8 |
t
0
V& (X xs ) ds+&
12
_Em [[T +t ( |u|
32)]162]12
Em [e8tV&]12 Em [[T +t ( |u|
32)]163]12. (4.6)
By the hypercontractivity of T +t: , we have
Em [[T +t: ( |u|
32)]163]&u&8L2 . (4.7)
This completes the proof. K
As mentioned in the previous section, we can prove the existence of the
ground state.
Lemma 4.4. Assume that (E, D(E)) is irreducible. Then
(1) There exists a unique ground state 0 satisfying (3.5).
(2) 0 has the following estimate:
&0&L4&et:(V& +*0(V))&L8 . (4.8)
Proof. (1) This is due to Gross [19]. By the FeynmanKac formula
and the PIP of Pt , Tt also satisfies PIP. Since Tt is a hyperbounded and
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positivity improving semigroup, by Gross’ theorem (p. 54 in [19]) &Tt &=
e&t*0(V) is eigenvalue of Tt with multiplicity 1 and the eigenfunction is
almost everywhere positive or negative.
(2) Note that (&LV&*0(V)) 0=0 and so et(L&V+*0(V))0=et(LV+*0(V))0
=0. Hence by applying Lemma 4.3, we get (4.8). K
We will use the following constants to estimate *V .
Definition 4.5.
CV =&et:(V&+*0(V))&2L8 , (4.9)
Cr, V =(1+r&2 (C2V&1))
&1. (4.10)
We will use Lemma 4.7 below to give an explicit lower bound on *V in the
Wiener space case. To prove it, we use the following lemma which is a special
case of the result in Okada and Yabuta [37].
Lemma 4.6. Let , be a nonnegative measurable function on X. Assume that
1=&,&L1&,&L2a<. (4.11)
Then for 0r1,
m(,>r)
(1&r)2
(a2&1)+(1&r)2
. (4.12)
Proof. This follows from Theorem 1 in [37] by setting p=1, q=2,
f =,a, A0=a&1, A=ra. K
Lemma 4.7. Assume that (E, D(E)) is irreducible. Then the ground state 0
of &LV satisfies the following.
(1) It holds that for 0<r1,
m(0>- 1&r)Cr, V . (4.13)
(2) For any =>0,
m(0- 1+=&1(C2V&1))=. (4.14)
Proof. (1) By (4.8) and by applying Lemma 4.6 to the function ,=02
we get the above.
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(2) Note that
|
X
(02&1)2 dm=&0&4L4&1C
2
V&1. (4.15)
Hence by using Chebyshev’s inequality, we get
m(|02&1|=)=&2 (C2V&1). (4.16)
This shows for any =>0
m(0- 1+=2)(C2V&1) =&2. (4.17)
This implies (4.14). K
In order to state main estimate, we introduce the following function. Let
0<r<1.
fr(=, $, K)=K4[(1+r)(1+r&1) !($) &V&*0 (V)&L2 } m(0=)12
+(1+r) $+(1+r&1) m(0=)]+4CVm(0K)12. (4.18)
It holds that
‘0 (r, =, K, $) fr(=, $, K) (4.19)
by the inequality (3.27) and Schwarz’s inequality. Here ‘0 is the function
defined in Lemma 2.2. Note that by the argument similar to ‘0 for any
0<r<1,
inf[ fr (=, $, K) | =>0, $>0, K>0]=0. (4.20)
Theorem 4.8. Assume that (E, D(E)) satisfies (E5). Then let
* V =sup {hr (S, ’, R, =, $, K)gr (S, ’, R, =, $, K) } 0<r<1, S>1, ’>0,
R>0, R’>1, =>0, $>0, K>0= , (4.21)
where
gr (S, ’, R, =, $, K)=
(1+r)2 !($)
=2
K4+
:
2 \1+
1
R2+\
1
log(R’)
+
1
log S+ (4.22)
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and
hr(S, ’, R, =, $, K)
=1& fr (=, $, K) R2&\1+ 1R2+
_{12 \
1
log(R’)
+
1
log S+ (:*0 (V)+e&1)+S2m(0’)= . (4.23)
Then it holds that
*V* V>0. (4.24)
In particular, * V has a lower bound in terms of :, *0(V), V, !.
To prove this theorem, we need the following lemmas. Actually Lemma 4.9
will be used by replacing m by m0 .
Lemma 4.9. Let u # L2 (X, m) and assume that (u)m=0. Let R>0 and R
be the function such that R(t)=t for &RtR, R (t)=R for tR and
R (t)=&R for t&R. Then it holds that
&u&2L2(m) &R (u)&(R (u))m&
2
L2(m)
+\1+ 1R2+ |[ |u|>R] (u2&R2) dm. (4.25)
Proof.
|&u&2L2(m)&&R (u)&(R (u))m&
2
L2(m) |
= } |X (u2&R (u)2) dm+\|X R (u) dm+
2
}
|
[ |u|R]
|u2&R(u)2| dm+\|X (R (u)&u) dm+
2
(4.26)
|
[ |u|R]
|u2&R2| dm+\|[ |u|R] (|u|&R) dm+
2
|
[ |u|>R]
(u2&R2) dm+m(|u|R) |
[ |u|>R]
(u2&R2) dm (4.27)
\1+ 1R2+ |[ |u|>R] (u2&R2) dm, (4.28)
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where we have used (u)m=0 and Schwarz’s and Chebyshev’s inequalities in
(4.26), (4.27) and (4.28). K
Lemma 4.10. Let . # L2 (X, m) be a positive measurable function. Let u be
a measurable function on X such that
|
X
(u(x) .(x))2 log(u(x) .(x))2 dm(x)C, (4.29)
where C is a positive number. Then it holds that for any =>0, S>1, R>=&1,
|
[ |u|R]
u2 (x) dm. (x)
1
2 \
1
log(R=)
+
1
log S+ (C+e&1)+S2m(.=). (4.30)
Proof. First note that for x>0,
x log+ xx log x+e&1, (4.31)
where log+ x=max(log x, 0). Hence
|
X
(u.)2 log+ (u.)2 dmC+e&1. (4.32)
Therefore for any positive number r greater than 1,
|
[ |u.|r]
(u.)2 dm
1
2 log r
(C+e&1). (4.33)
Thus
|
[ |u|R]
u2.2 dm=|
[ |u|R, .=]
u2.2 dm+|
[ |u|R, .<=]
u2.2 dm

1
2 log(R=)
(C+e&1)+|
[.=]
(u.)2 dm. (4.34)
Next
|
[.=]
(u.)2 dm=|
[ |u.|>S, .=]
(u.)2 dm+|
[ |u.|S, .=]
(u.)2 dm

1
2 log S
(C+e&1)+S2m(.=). (4.35)
This completes the proof. K
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Proof of Theorem 4.8. Let u # D0 be a function such that (u)m0=0 and
&u&L2(m0)=1. By Lemma 3.2 (4), u0 # D(EV) and
EV(u0, u0)=|
X
1(u) dm0+*0(V) } &u0&2L2(m) . (4.36)
We denote *=E0(u, u). By the LSI (4.1), we have
|
X
(u0)2 log((u0)2) dm:(*+*0 (V)). (4.37)
Hence by Lemma 4.10 for ’>0, S>1 and R>’&1,
|
[ |u|R]
u2(x) dm0 
1
2 \
1
log(R’)
+
1
log S+ (:(*+*0 (V))+e&1)
+S2m(0’). (4.38)
Let R be the function in Lemma 4.9. By Lemma 2.2, Lemma 4.9 and
(4.38), we have
1&R(u)&(R (u))m0&
2
L2(m0)
+\1+ 1R2+ |[ |u|>R] u2 dm0

!($) K4
=2
(1+r)2 E0(R (u), R (u))+ fr(=, $, K) R2
+\1+ 1R2+{
1
2 \
1
log(R’)
+
1
log S+
_(:(*+*0(V))+e&1)+S2m(0’)= . (4.39)
Note that
E0(R (u), R(u))E0 (u, u)=*.
So we get a linear inequality of * and we have ** V by solving it. We will
prove * V>0. It suffices to prove that for some S, ’, R, =, $, K,
hr (S, ’, R, =, $, K)>0. (4.40)
Let } be an arbitrary positive number. Then set
S=exp \1} (:*0 (V)+e&1)+ . (4.41)
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Now fix such an S. Next take ’ such that 0<’1 and
m(0’)} exp \&2} (:*0 (V)+e&1)+ . (4.42)
According to the ’, set
R=’&1 exp \1} (:*0(V)+e&1)+ . (4.43)
Now fix the number R. Then for some =, $, K, it holds that
fr (=, $, K)}’2 exp \&2} (:*0 (V)+e&1)+ . (4.44)
Thus we see that for some S, ’, R, =, $, K,
hr (S, ’, R, =, $, K)1&5} (4.45)
which completes the proof of * V>0. By (3.31), the probability m(0=) has
the upper bound by using !( } ). Also m(0K)K&2. So *V has a lower
bound by using :, E, V, !. K
Remark 4.11. To prove *V>0, it suffices to show that for some 0b<1
and a>0 R>0, it holds that for any u # D0 with (u)m0=0 and &u&L2(m0)=1,
|
|u|R
(u2&R2) dm0aE0 (u, u)+b. (4.46)
Note that this inequality is necessary condition for *V>0, that is the validity
of the Poincare inequality for E0 . This might be the infinitesimal version of
Hino’s condition (I) [28]: There exists t>0 and K>0 such that
sup [&( |T tu|&K)+&L2(m0) | &u&L2(m0)=1]<1.
Finally we will give a sufficient condition for the validity of LSI with respect
to the Dirichlet from (E , D(E )).
Lemma 4.12. Assume that for some p>0, &0&1&Lp(m)<. Then the
following LSI holds. There exists a positive constant C such that for any u # D0 ,
|
X
u2 log(u2&u&2L2(m0)) dm0C } E0 (u, u). (4.47)
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Proof. By substituting u0 into (4.1), we get
|
X
u2 log u2 dm0
:E0 (u, u)+*0 (V) } &u&2L2(m0)+|X u
2 log(0&2) dm0 . (4.48)
Let 0<=<1. Then by Young’s inequality stet+s log s&s (s0, t # R),
u2 log(0&2)0&2=+=u2 log(=u2)&=u2. (4.49)
Hence by (4.48), (4.49) and Lemma 2.2 in [21] we can prove there exist
Ci>0 such that for any u # D0 ,
|
X
u2 log(u2&u&2L2(m0)) dm0C1 } E0 (u, u)+C2 &u&
2
L2(m0)
. (4.50)
Since we already proved that *V>0, this completes the proof. K
Concerning the lemma above, we give a remark.
Remark 4.13. Let us note related works [3, 9, 26, 27]. In these papers, the
authors studied the existence of the spectral gap and the validity of LSI for the
Dirichlet form
EF (u, u)=|
X
1(u, u) e2F dm (4.51)
under the validity of LSI,
|
X
u2 log(u2&u&2L2(m)) dmCE(u, u). (4.52)
We refer the readers to [9] for the precise setting. Holley and Stroock [30]
proved that LSI holds for EF when F is bounded. The papers above dealt with
the case where F is unbounded but has some regularity. Here we show a result
in [26]. This is strongest result in the above setting among the papers.
Assume that there exists C$>C such that
|
X
e(C$2) 1(F, F) dm<. (4.53)
499GAP OF SPECTRUM
Then EF has a spectral gap. So one may apply this result to estimate *V in the
case where F=log 0 and (X, m) is a Wiener space. However the assump-
tion (4.53) is very strong. In fact by the calculation in p. 94 in [8], (4.53)
implies
|
X
0&- 2 dm|
X
e- 2 |F | dm<. (4.54)
But this generally does not hold, if the positive part V+ is big. See
Remark 5.6(1). Consequently it is not appropriate to apply results in the
papers above to Schro dinger operator case. Contrary to it, by applying
Lemma 4.12 and [8], we see that LSI holds for E0 under the assumption that
for some =>0, it holds that
|
X
e=1(F, F) dm<, (4.55)
where F=log 0. In Wiener space’s case, by Lemma 5.5, if for some =>0,
E[e=V]<, then the assumption of Lemma 4.12 holds.
5. SCHRO DINGER OPERATORS ON WIENER SPACES
In this section, we consider the case where L is the OrnsteinUhlenbeck
operator on an abstract Wiener space (X, H, m). Namely, m is a mean 0
Gaussian measure whose covariance operator is the identity on the separable
Hilbert space H. X is a Banach space which contains H as a dense subspace.
The Dirichlet form is given by
E(u, u)=|
X
|Du(x)| 2H dm(x), (5.1)
where Du denotes the H-derivative and u # D(E)(=D12(X)). D
1
2 denotes the
space of functions whose first H-derivatives and themselves are in the
L2-space.
Gross [20] proved that for any u # D(E),
|
X
u2 log(u2&u&2L2) dm2E(u, u). (5.2)
This implies (2.4) holds with !($)=1 for any $>0, that is, the gap of spec-
trum is 1 for L. Note that this LSI is equivalent to the hypercontractivity
property of Pt=etL. Previous to the discovery of LSI, by using the hypercon-
tractivity property of Pt , Hoegh-Krohn and Simon [42] proved that
500 SHIGEKI AIDA
Theorem 5.1. Let U be a measurable function on X and assume that there
exists p>2 such that U # Lp (m). Let U&(x) :=max(&U(x), 0). Assume that
for any p1, &eU&&Lp<. Let us consider the Schro dinger operator associated
with EU . Then *0 (U) is the eigenvalue of multiplicity 1 and there are no essential
spectrum in [*0 (U), *0(U)+1).
Clearly this proves that *U=*1 (U)&*0 (U)>0. However it seems to the
author that there have been no explicit lower bound estimate on *U in this
classical case too. Hoegh-Krohn and Simon claimed that this result is not a
consequence just because of the hypercontractivity. The existence of the spec-
tral gap under general hyperbounded situation was found by Gong, Ro ckner
and Wu [25]. However in such abstract settings, estimates on the region
where there are no essential spectrum like in the above theorem seems to be
not clear at the present.
In this section, we will given an estimate on the gap of spectrum based on
the generals results developed in the previous sections.
Throughout this section, we assume that
(A7) It holds that U # L2 (m) and for any p>1, &eU&&Lp<.
Under this assumption, we have
Proposition 5.2. For \>1 and any u # D, it holds that
|
X
u2 log(u2&u&2L2(m)) dm
2\
\&1
EV (u, u), (5.3)
where
V(x)=U(x)+log &e&U&L2\ . (5.4)
Proof. By Young’s inequality stet+s log s&s (s0, t # R), we have for
u # D,
|
X
u2 log u2 dm&|
X
2U(x) u(x)2 dm(x)
2E(u, u)+&u&2L2 log &u&
2
L2+|
X \e&2\U+
1
\
u2 log \u
2
\ +&
1
\
u2+ dm.
(5.5)
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Hence it holds that
|
X
u2 log u2 dm

2\
\&1 \E(u, u)+|X U(x) u(x)2 dm+&
1
\&1
(1+log \) &u&2L2
+
\
\&1
(&e&2\U&L2+&u&2L2 log &u&2L2). (5.6)
This inequality and Lemma 2.2 in [21] implies (5.3). K
This proposition shows that for &LV=&L+V, (A5) holds with := 2\\&1 .
Below we fix \. :, V denotes these quantities. Not that even if by replacing U
by U+c, where c is a constant, we get the same V. Also note that
*1 (U)&*0 (U)=*1 (V)&*0 (V). Thus it suffices to give a bound on *V to
estimate *U .
If V+ is not so big, we can prove the integrability of 0&1. To this end, we
need the following lemmas.
Lemma 5.3. Let , be a measurable function on a probability space
(X, B, m) such that 0,1. Suppose that there exists 0<=<1,
|
X
, dm1&=. (5.7)
Then
m(,1&=12)1&=12. (5.8)
Proof. Let $=m(,1&=12). Then
|
X
, dm1&$=12. (5.9)
This implies $=12. K
Lemma 5.4. Let p>0. Let , be a positive measurable function such that
&,&Lp1 and &,&1&Lp<. Then for any r>0,
m \,\ 2r+- r2+4+
2p
+E[,
&p]&1
r2
. (5.10)
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Proof. By Chebyshev’s inequality,
m(|, p2&,&p2|r)r&2 (E[,&p]&1). (5.11)
x&x&1&r and 0<x<1 is equivalent to 0x- r2+4&r2. So
m \, p2- r
2+4&1
2 +r&2(E[,&p]&1). (5.12)
This implies the conclusion. K
We will show that the integrability of 0&1 is related with the exponential
integrability of V.
Lemma 5.5. Let 0<r<1 and p>0. Suppose that for some q>max( p, 12)
_log(16p+1),
E[eqV]<. (5.13)
Then it holds that
&0&1& pL p#p, q, r , (5.14)
where tp, q=min(q,
q
2p) and
#p, q, r =[(1&r)12 D4r, V]
&p { e
2tp, q&1
e2tp, q&1&16p=
14
_exp \4pF
&1 (Dr, V)2
e2tp, q&1 + &eV&*0(V)& ptp, qLq (5.15)
F(x)=2? |

x
e&u22 du (5.16)
Dr, V =1&- Cr, V&1=1& &e
t:(V& +*0(V))&4L8&1
&et:(V&+*0(v))&4L8&1+r
2 . (5.17)
Cr, V is defined in Definition 4.5.
Proof. Let X xt be the OrnsteinUhlenbeck process on X starting at x.
By (&L+V&*0 (V)) 0=0, the FeynmanKac formula and Schwarz’s
inequality,
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0(x) = E _exp \&|
t
0
(V(X xs )&*0 (V)) ds+ 0(X xt )&
 E _exp \|
t
0
(V(X xs )&*0 (V)) ds+&
&1
E[012 (X xt )]
2
:=v1 (x) v2 (x), (5.18)
where tq. Suppose p12. Then by using Ho lder’s and Jensen’s
inequalities, we have for t q2p ,
E[v&2p1 ]E[e
2tp(V&*0(V))]E[eq(V&*0(V))]2tpq. (5.19)
Next lest us consider the case where 0<p<12. Then for tq
E[v&2p1 ]E[v
&1
1 ]
2pE[eq(V&*0(V))]2tpq. (5.20)
So for t=tp, q , it holds that
E[v&2p1 ]E[e
q(V&*0(V))]2pq
&1tp, q. (5.21)
Below let t=tp, q . Let us consider the estimate on v2 . Let
A=[x # X | 0(x)>- 1&r].
Then by (4.13), m(A)Cr, V . By the definition of A,
v2 (x)- 1&r E[1A (X xt )]2=- 1&r (Pt 1A (x))2. (5.22)
Here recall an inequality,
|Pt 1A (x)|2Pt 1A (x+h) exp \ &h&
2
H
e2t&1+ , (5.23)
where h # H. This inequality was proved in the proof of (6.12) Lemma in
[32]. See also [43] for its generalization. Since
|
X
Pt 1A dm=m(A)Cr, V ,
applying Lemma 5.3, we get
m(Pt 1A (x)1&- 1&Cr, V )1&- 1&Cr, V . (5.24)
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Take a _-compact subset such that K/[x | Pt 1A (x)1&- 1&Cr, V ] and
m(K)1&- 1&Cr, V . Let us define a distance function from K by
dK (x)={inf[&h&H | x+h # K]0
x # K+H,
x  K+H.
(5.25)
Then dK is a measurable function satisfying that for any h # H and x # X,
|dK (x+h)&dK (x)|&h&H . By the inequality (5.23) and the definition of
the distance function dK , we have, for a.e. x,
Pt 1A (x)D2r, V exp \&dK (x)
2
e2t&1+ , (5.26)
where Dr, V=1&- 1&Cr, V . By (4.9) Theorem in [31], dK is exponentially
integrable function and it holds that
m( |dK&(dK) m |R)|

R 
2
?
e&u22 du=: F(R). (5.27)
By substituting (dK) m for R in this inequality and noting that m(dK=0)
m(K), we obtain
Dr, Vm(K)F((dK) m). (5.28)
Therefore we have for 0<%<1,
E[e%d
2
K4]e%(dK)
2
m 2E _exp \%(dK&(dK) m)
2
2 +&

exp \%2 F&1 (Dr, V)2+
- 1&%
. (5.29)
Here we have used (5.27). Note that v2 has the estimate
v&2p2 ((1&r)
12 D4r, V)
&2p exp \ 4pe2t&1 dK (x)2+ . (5.30)
By the assumption on q, 12 log(16p+1)<tp, q holds. So by (5.29) and
(5.30), for t=tp, q it holds that
E[v&2p2 ]((1&r)
12 D4r, V)
&2p exp \ 8pe2tp, q&1 F&1 (Dr, V)2+
_ e
2tp, q&1
e2tp, q&1&16p
. (5.31)
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Thus we get
&0&1&2pLp ((1&r)
12 D4r, V)
&2p exp \ 8pe2tp, q&1 F&1 (Dr, V)+
_ e
2tp, q&1
e2tp, q&1&16p
} &eV&*0(V)& ptp, qLq . (5.32)
Remark 5.6. (1) It might be worthwhile to note the relation between
the growth order of U and the decay order of 0 in finite dimensional cases.
Let us consider a Schro dinger operator AU=2&|x| 24+n2&U(x)
defined on C 0 (R
n)/L2 (Rn, dx). 2 denotes the usual Laplacian. Here we
assume that U satisfies that
|
Rn
|U(x)| p dm(x)< for some p>2, (5.33)
|
X
e pU&(x) dm(x)< for all p1, (5.34)
where dm(x) = .0 (x)2 dx and .0 (x) = (2?)&n4 e&|x|
24. L and A0 =
2&(|x|24)+n2 are unitarily equivalent each other by the unitary trans-
formation M.0 f (x)=.0 (x) f (x) from L
2 (Rn, dm) onto L2 (Rn, dx), where
L is the OrnsteinUhlenbeck operator on L2 (Rn, dm). Now let us consider
a Schro dinger operator LU=L&U on L2 (Rn, dm) which we already
defined. Then by Theorem X.59 in [38], LU is essentially self-adjoint on
C0 (R
n). So AU is also essentially self-adjoint because M.0 C

0 =C

0 and
M&1.0 AUM.0=LU on C

0 (R
n). We consider the self-adjoint extension.
Then LU and AU are also unitarily equivalent by M.0 . On the other hand,
there exists a unique ground state 0 and the lowest eigenvalue *0 (U) of
&LU . Combining these, &AU&*0 (U) has the ground state .(x) and it
holds that
.(x)=.0 (x) 0(x). (5.35)
Let us consider the case where U(x)=|x| a&|x|24 and a>2. Then by
p. 85 in [10], there exist positive constants Ci such that for all x,
.(x)C1 exp(&C2 |x|1+a2). (5.36)
By (5.35) and (5.36),
0(x)&1C3 exp(C4 |x|1+a2). (5.37)
This shows for any p>0, 0&1  L p (m) if a>2.
506 SHIGEKI AIDA
(2) Let us consider AU in (1), where n=1. Assume V= x4&
1
2+U( |x| )
satisfies (4.44) in [10]. Then by Theorem 4.6 in [10],
.(x)tC } V(x)&14 exp(&W(x)) ( |x|  ) (5.38)
W(x)=|
|x|
|x0|
- V(t)&*0 (V) dt. (5.39)
Then
0&1tC } V(x)&14 exp \&x
2
4 +
_exp \|
|x|
|x0|
t
2 1+
4
t2
(U(t)&
1
2
&*0(V)) dt+ . (5.40)
Note that if U(x)C |x|: (:>2), for sufficiently large t,
t
2 1+
4
t2 \U(t)&
1
2
&*0(V)+& t2  U(t)&
1
2
&*0(V). (5.41)
So
log 0&1 (x)  |
|x|
|x0|
- U(t)& 12&*0(V) dt. (5.42)
Thus if U # L p (m), then log 0&1 # L2p& (m).
Now we are in a position to give a lower bound on *U . Note that in the
case of Wiener space, we can take !($)=1 and $=0. So we have
fr (=, $, K) = K 4[(1+r)(1+r&1) &V&*0 (V)&L2 } m(0=)12
+(1+r&1) m(0=)]+4CVm(0K)12
 K4 (1+r&1)[(1+r) &V&*0 (V)&L2+1] } m(0=)12
+4CV m(0K)12
:=f (1)r (=, K)+ f
(2)
r (=, K). (5.43)
Theorem 5.7. Assume that there exist p>0 and q>max( p, 12)
_log(16p+1) such that
E[eqU]<. (5.44)
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Then we have the following estimate. For any 0<r<1 and 0<}<1,
*U(1&6})((1+r)2 K4=&2+2:e})&1, (5.45)
where
K={1+16(C 2V&1) C 2V#4pp, q, r}&(4p)&2
_exp \4} \1+
2
p+ (:*0 (V)+e&1)+=
12
, (5.46)
=={ 2 - $- #p, q, r&1+- #p, q, r&1+4$=
2p
, (5.47)
$=}(4p)+2 exp \&4} \1+
2
p+ (:*0 (V)+e&1)+ #&4pp, q, r (1+r&1)&2
_[(1+r) &V&*0 (V)&L2+1]&2 K &8. (5.48)
Remark 5.8. (1) Let us assume E[eU]<. Let us consider the
Schro dinger operator L%=L&%U for 0%1. Now we set \=%&1. Then
:= 21&% . Let *0 (%) be the bottom of spectrum of &L+V, where V is
defined by %U by the Eq. (5.4). *0 (%) has the trivial bound
*0 (%)|
X
|V| dm&U+ 12 log &e
&2U&L2&L1 . (5.49)
Let us consider how the right-hand side of (5.45), say * (%), behaves when
%  0. Here we set r=%13, }=[log log( 1%)]
&1, q=%&12 and p=1. Then
lim%  0 ==lim%  0 K=1 holds. So lim%  0 * U (%)=1. This coincides with
the true bound.
(2) We can give some estimate on *V under weaker assumption on
V based on the estimate in Theorem 4.8. However the estimate may be
quite complicated and may not be so good.
We need the following to prove Theorem 5.7.
Lemma 5.9. For any t0,
E[et(V&*0(V))]1. (5.50)
Proof. Since et(LV+*0(V)) is an L2 contraction semigroup on L2 (m), by
using the FeynmanKac formula and Jensen’s inequality, we have
Em [exp(&t0 (V&*0 (V))(Xs) ds)]1 for any t0. By this and Schwarz’s
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inequality, we have Em [exp( t0 (V&*0 (V))(Xs) ds)]1. By applying
Jensen’s inequality, we get (5.50). K
Proof of Theorem 5.7. By Lemma 5.5, we see
&0&1& pL p#p, q, r . (5.51)
By the definition of #p, q, r and Lemma 5.9, we have #p, q, r>1. By
Chebyshev’s inequality, we have for any =>0,
m \0\ =#p, q, r+
1p
+=. (5.52)
To get lower bound on hr , we proceed as in the last part of the proof
in Theorem 4.8. So we set
S0=exp(}&1 (:*0 (V)+e&1)). (5.53)
We will find the number ’ which satisfies (4.42). By (5.52), it suffices to set
’=}1p exp \& 2}p (:*0 (V)+e&1)+ #&1pp, q, r=: ’0 . (5.54)
Next let
R=}&1p exp \}&1 \1+2p+ (:*0 (V)+e&1)+ #1pp, q, r=: R0 . (5.55)
For this R0 , it holds that 1R201. Now let us choose =, K such that
f (i)r (=, K)}R
&2
0 . (5.56)
Let us consider f (2)r . By (4.14), it suffices to set
K={1+16(C 2V&1) C 2V #4pp, q, r}&(4p)&2
_exp \4} \1+
2
p+ (:*0 (V)+e&1)+=
12
=: K0 . (5.57)
We will determine =. By Lemma 5.4, for any $>0,
m \0{ 2- $- #p, q, r&1+- #p, q, r&1+4$=
2p
+$. (5.58)
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So it suffices to take
$=}(4p)+2 exp \&4} \1+
2
p+ (:*0 (V)+e&1)+ #&4pp, q, r (1+r&1)&2
_[(1+r) &V&*0 (V)&L2+1]&2 K &80 (5.59)
=={ 2 - $- #p, q, r&1+- #p, q, r&1+4$=
2p
. (5.60)
This completes the proof. K
By the argument similar to the above, we can prove the following crude
bound. We include it because the bound in Theorem 5.7 looks uncomfor-
table.
Corollary 5.10. Let p12 and q>p log(16p+1). Assume that
E[eqU]<. Then
*U 
5
8 _
e
2
+Cp, q exp \512*0 (V) \1+2p+\1+
5
p++
_\32 &V&*0 (V)&L2+1+
4p
&et4(V& +*0(V))&2(1+(4p))(84+(1eqp&1))L8
_&eV&*0(V)& (5qp)(1+(4p))Lq &
&1
, (5.61)
where
Cp, q =
9
4
} 25(1+(4p))(25+(64e
qp&1)) } 2(32p)((5p)+1) (48)4p (64)4+(16p)
_exp \128 \1+2p+\1+
5
p+ e&1+\
eqp&1
eqp&1&16p+
(52p)(1+(4p))
(5.62)
and V(x)=U(x)+log &e&U&L4 and *0 (V) has the upper bound
*0 (V)&U+log &e&U&L4&L1 . (5.63)
Proof. Let us consider the case where r=12, }=116, \=2. Then
:=4 and take S0 , ’0 , R0 to be the same values in the proof of
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Theorem 5.7. We will determine K, =. First we will consider the estimate on
Dr, V . Since Dr, V=1&- 1&Cr, V Cr, V2,
D12, V 
1
2(4C 2V&3)
(5.64)

1
8C 2V
. (5.65)
Noting F(x)2e&x22, we have
exp \F
&1 (Dr, V)2
2 +2D&1r, V . (5.66)
So #p, q, r has the following estimate.
#2p, q, r 2
p+(16pe qp&1)  e
qp&1
eqp&1&16p
D&(16pe qp&1)&8p12, V &e
V&*0(V)&qLq
225p+(64pe
qp&1)  e
qp&1
eqp&1&16p
C 16p+(32peqp&1)V
_&eV&*0(V)&qLq . (5.67)
Set
K=
4
}
R20CV=: K0 . (5.68)
Then by &0&L2=1 and Chebyshev’s inequality, it holds that
m(0K0)12
}
4
R&20 C
&1
V . (5.69)
Also by (5.52),
3K 40 \32 &V&*0 (V)&L2+1+ m(0=)12}R&20 (5.70)
holds for
==
1
#1pp, q, r {
}
3
R&20 K
&4
0 \32 &V&*0 (V)&L2+1+
&1
=
2p
=: =0 . (5.71)
511GAP OF SPECTRUM
So it holds that
(1+r)2
=20
K 40 =
9
4 \
3
}+
4p
K (16p)+40 R
8p
0 \32 &V&*0 (V)&L2+1+
4p
#2pp, q, r
=
9
4 \
3
}+
4p
\4}+
4+(16p)
C 4+(16p)V R
(40p)+8
0
_{\32 &V&*0 (V)&L2+1+=
4p
#2pp, q, r
=
9
4
} 2(4p)((40p)+8) (48)4p (64)4+(16p)
_&et4(V&+*0(V))&8+(32p)L8 \1+32 &V&*0 (V)&L2+
4p
_exp \128 \1+2p+\1+
5
p+ (4*0 (V)+e&1)+
_# (10p)(1+(4p))p, q, r . (5.72)
This and (5.67) implies the conclusion. K
6. SOME RESULTS ON WEAK SPECTRAL GAP PROPERTY
In this section, we will give some criterion for WPI. First we will prove
that the validity of WPI implies UPIP of the diffusion semigroup. The con-
verse is true and was proved by Ro ckner and Wang [39]. For the com-
pleteness of the paper, we will prove the equivalence of (E3) and (E5). The
proof is a modification of the proof of (E1)  (E3) in Mathieu [36].
Lemma 6.1. (1) Assume (E5). Then the following estimates hold. For
any 0<$<1 and u such that (u) m=0 and &u&<,
&Ptu&2L2(m)
!($)
2t
&u&2L2(m)+$ &u&
2
 (6.1)
and for any 0<=<1
\t (=)
=2
2
for t\_log(8(1&=) =
&3)
log 2 &+1+ ! \
=3
16+ , (6.2)
where [x] denotes the greatest positive integer less than or equal to x. This
implies that (E2) holds.
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(2) (E5) implies (E3).
(3) (E3) implies (E5).
Proof. (1) By the spectral decomposition of the self-adjoint operator,
we have for any u # L2,
E(Pt u, Ptu)
1
2t
(&u&2L2(m)&&Pt u&
2
L2(m)). (6.3)
Putting Pt u into (2.4) and using the estimate (6.3), we get
&Ptu&2L2(m) 
!($)
2t
(&Pt u&22&&P2tu&
2
2)+$ &u&
2


!($)
2t
&u&2L2(m)+$ &u&2 . (6.4)
We will prove (6.2). By applying the inequality (6.1), n-times, we get for
u with &u&1 and (u) m=0,
&Pntu&2L2(m)\!($)2t +
n
&u&2L2(m)+$ :
n&1
k=0 \
!($)
2t +
k
. (6.5)
Let A and B be measurable sets such that m(A)= and m(B)=. By
noting that
|(Pt 1A , 1B)&m(A) m(B)|&Pt 1A&m(A)&L2(m) m(B)12, (6.6)
if
&Pt 1A&m(A)&L2(m) 12=
32, (6.7)
then
(Pt 1A , 1B) 12m(A) m(B)
1
2=
2. (6.8)
Putting u=1A&m(A) into (6.5), we have
&Pnt 1A&m(A)&2L2(m) \!($)2t +
n
m(A)(1&m(A))+$ :
n&1
k=0 \
!($)
2t +
k
\!($)2t +
n
(1&=)+$ :
n&1
k=0 \
!($)
2t +
k
. (6.9)
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Here set $= =316 . If one takes positive integer n0 and the time t0 such that
! \ =
3
16+
2t0

1
2
(6.10)
\12+
n0
(1&=)
=3
8
, (6.11)
then for tn0 t0 , (6.7) holds.
(2) Let R be an arbitrary positive number. For u # L2 (m) with
&u&L2(m)1, let uR (x)=u(x) } 1[0, R] ( |u(x)| ) and vR (x)=u(x)&uR (x).
Then by using (6.1) and Schwarz’s inequality,
&Pt u&(u) m &L1(m)
&PtuR&(uR) m &L1(m)+&PtvR&(vR) m&L1(m)
 inf
$>0 {
!($)
2t
&uR&(uR) m &L2(m)+2 - $ R=+2 &vR&L1(m)
!(R
&3)
2t
} 2R+2 - R&1+2R&1. (6.12)
Therefore
lim sup
t  
sup
&u&L2(m)1
&Pt u&(u) m&L1(m)2 - R&1+2R&1 (6.13)
which implies (E3).
(3) Let
’(t)= sup
&u&L2(m)1
&Pt u&(u)m &L1(m) . (6.14)
Again by the spectral decomposition of the self-adjoint operators, we have
&u&(u) m&2L2tE(u, u)+(u&(u) m , Ptu&(u) m). (6.15)
Now we assume that &u&<. Noting that
|(u&(u)m , Ptu&(u) m)|&u&(u) m& &Ptu&(u) m&L1(m) (6.16)
&u&(u)m&2 ’(t). (6.17)
Since limt   ’(t)=0, this completes the proof. K
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Remark 6.2. In particular, (6.2) implies the lower bound:
I(=) :=sup
t>0
\t (=)
t
! \ =
3
16+
&1 =2
2 \_
log(8(1&=) =&3)
log 2 &+1+
&1
. (6.18)
Suppose that a Dirichlet form (E, D(E)) has spectral gap: for any u # D(E)
C } |
X
|u&(u) m |2E(u, u). (6.19)
Then (2.4) holds with !(=)=C&1 for any =. In [3], the author proved that
I(=)C
=2
log(4(1&=)(=)2)
. (6.20)
So the estimate in (6.18) is not so bad.
Weak spectral gap property has strong stability property as noted in
Lemma 5.1 in [3], Proposition 3.3 in [25]. Below we will improve it in the
sense that !( } ) are given more explicitly.
Lemma 6.3. Let us consider two probability measure spaces and Dirichlet
forms on them as (Xi , Bi , mi , Ei) (i=1, 2). Let A2 be a core of the Dirichlet
form E2 . Suppose that there exists a measurable map T: X1  X2 such that
there exists a positive constant K and for any u # A2 , u b T # D(E1) and
E1 (u b T, u b T )KE2 (u, u) for any u # A2 , (6.21)
|
X1
u b T(x) dm1=|
X2
u(x) .(x) dm2 (x). (6.22)
Moreover we assume that .(x)>0 m2 -a.e. x.
(1) Suppose that E1 satisfies the inequality (2.4) on L2 (X1 , m1). Then
for any =>0, R>0 and u # A2 with &u&<,
&u&(u) m2&
2
L2(m2)
RK!(=) E2 (u, u)+\R=+4m2 \. 1R++ &u&2L . (6.23)
(2) Assume that E1 satisfies the spectral gap inequality in (6.19).
Then for u # D(E2) with &u&<,
&u&(u)m2&
2
L2(m2)
RKC&1E2 (u, u)+4m2 \. 1R+ &u&2 . (6.24)
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Proof. (1) Let u # A2 and assume that &u&1. Set
v(x) :=u(T(x)), c :=|
X1
v(x) dm1 (x).
Then |c|1. By (6.21) and (2.4),
&v&c&2L2(m1)K!(=) E2 (u, u)+=. (6.25)
Then
&v&c&2L2(m1)=&(u&c)
2 .&L1(m2)R
&1 & |u&c|2 1[.1R] &L1(m2) . (6.26)
Thus
|
[.1R]
|u(x)&c|2 dm2 (x)R[K!(=) E2 (u, u)+=]. (6.27)
Noting |u(x)&c|2,
|
[.<1R]
|u(x)&c|2 dm2 (x)4m2 \.< 1R+ . (6.28)
Combining these inequalities, we have
&u&c&2L2(m2)4m2 \.< 1R++R(K!(=) E2 (u, u)+=). (6.29)
Noting the inequality &u&(u) m2&
2
L2(m2)
&u&c&2L2(m2) we complete the
proof.
(2) Equation (6.24) follows from (1) by taking !(=)=C&1 and the
limit =  0. K
Corollary 6.4. Assume the same setting in Lemma 6.3. Assume that E1
satisfies the spectral gap inequality (6.19). Let f be a C 1-function on (0, )
such that for all R>0,
m2 \. 1R+ f (R). (6.30)
Set g(x)=&f $(x). Assume that g(x) is a strictly decreasing function on
(0, ) and limx  0 g(x)=+ and limx   g(x)=0. Then for u # D(E2)
with &u&1,
&u&(u) m2&
2
L2(m2)
h(KC &1E2 (u, u)), (6.31)
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where
h(x)=4 f \g&1 \x4+++xg&1 \
x
4+ . (6.32)
Here g&1 denotes the inverse function of g(x).
Proof. By (6.24), we have
&u&(u) m2&
2
L2(m2)
4 f (R)+RKC&1E2 (u, u). (6.33)
The function k(x)=4 f (x)+cx has the unique minimum at x= g&1 ( c4).
Putting this for R in (6.33), we get the conclusion. K
Remark 6.5. Assume &.&1&Lp(m2)<. Then we can take f (R)=
R&p &.&1& pLp(m2) . Then
&u&(u) m2&
2
L2(m2)
\1+1p+ (4p &.&1& pLp(m2))1p+1 (KC &1E(u, u))1&(1p+1). (6.34)
If &.&1&=M &1<, that is essinf .=M, then by taking the limit
p  , we get Kirsch-Simon’s basic comparison theorem [33]:
M
K
C } &u&(u) m2&
2
L2(m2)
E2 (u, u). (6.35)
Now we will apply the lemma above to the OrnsteinUhlenbeck semi-
group on loop group. Let K be a simply connected compact Lie group. Let
k be the Lie algebra of K. In this case, X1=X2 be a based loop space
L(K)=C([0, 1]  K | #(0)=#(1)=e). Let m1=&t be the heat kernel
measure and m2=+t be the pinned Brownian motion measure with
variance t. Also let A2=FCb (L(K)) and T is the identity map. The
definition +t is as follows. Let [bt] be the standard Brownian motion on
k and consider the stochastic differential equation
dg(s)= g(s) b - t db(s), g(s)=e. (6.36)
Consider the pinned measure of g( } ) with g(1)=e, then the path space
measure is +t . Now we will recall the definition of &t . Let us consider a
Hilbert space
H={h: [0, 1]  k | h is absolute continuous and
|
1
0
|h4 (t)|2 dt< and h(0)=h(1)=0= . (6.37)
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Let [ei] be a complete orthonormal system on H and [bi (t)] be inde-
pendent 1-dimensional Brownian motion. Let [B(s, t)]0s1, t0 be the
loop valued Brownian motion, that is
B(s, t)= :

i=1
ei (s) bi (t). (6.38)
Let us consider the Stratonovich stochastic differential equation for each
0s1.
dgs (t)= gs (t) dtB(s, t), gs (0)=e. (6.39)
Then there is a version of the solution gs (t) such that gs (t) is jointly
continuous two parameter process (see [13, 34]) and satisfies that
g0 (t)= g1 (t)=e for all t0. So for each t, g } (t) gives the probability
measure on L(K) which is the heat kernel measure &t . Then it is proved
in [15] and [7] that &t and +t are equivalent and the density function
.t (#)=d&td+t (#) has a uniform upper bound by a constant At such that
.t (#)At . Let 1( f, f )=|Df (#)| 2, where Df denotes the H-derivative of f.
Set
E1 (u, u)=|
L(K)
1(u, u) d&t , (6.40)
E2 (u, u)=|
L(K)
1(u, u) d+t . (6.41)
B. K. Driver and T. Lohrenz [14] proved that
C } |
L(K) } u&|L(K) u d&t }
2
d&tE1 (u, u). (6.42)
Then, for these Dirichlet forms, the assumption of Lemma 6.3 holds.
However at the moment, we do not have any explicit estimates on
+t (.=) yet. Anyway we have
Theorem 6.6. The Dirichlet form (E2 , D(E2)) satisfies WSGP.
This was already proved in [3] by using Kusuoka’s WSGP theorem
([32]) and Lemma 5.1 in [3]. The following lemma can be applicable to
the Dirichlet form on loop space over hyperbolic space.
Lemma 6.7. Assume that E has a core A/L& (X, m) which is an
algebra such that for any u # A, 1(u, u) # L& (X, m) and stable under the
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composition with functions in C 1b (R). Let . # A be a nonnegative function.
Assume that for any u # A,
|
X
(u&(u) m)2 dm|
X
1(u, u) .(x) dm. (6.43)
Then E satisfies WSGP.
Proof. Assume that &u&1 and (u) m=0. Let uR=u } /R (.). Here
/R is a C1 function such that /R (x)=1 for xR and /R (x)=0 for
xR+2 and &/$R &1. Note that uR # A. Putting uR into (6.43), we
have
&uR&2L2(m) 2(R+2) |
X
1(u, u) dm
+2 |
X
.(x) 1(., .) 1[R.R+2] dm+(uR) 2m . (6.44)
Noting that
max(&u&2L2(m)&&uR&
2
L2(m) | , |(uR) | )m( |.|R), (6.45)
we have
&u&2L2(m) 2(R+2) |
X
1(u, u) dm+2 |
X
.(x) 1(., .) 1[R.R+2] dm
+m( |.|R)(1+m( |.|R)), (6.46)
which implies the inequality (6.24). K
Corollary 6.8. In addition to the assumption in Lemma 6.7, suppose
that there exists nonnegative , # A and positive numbers Ci (i=1, 2, 3, 4)
such that
.(x)=C1+C2 ,(x)2 (6.47)
and that
&1(,, ,)& 1 (6.48)
m(,R)C3 e&C4 R
2
. (6.49)
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Then (2.4) holds for
!($)=2 \2C2C4 log \
C5
$ ++2+ , 0<$<C5 e&C1C4 2C2, (6.50)
where
C5=2[4C 22 (C1 &,&
2
L4+&,&
4
L8)+1] C
12
3 e
C1C4 2C2. (6.51)
Proof. Note that 1(.)4C 22 ,(x)
2. By the inequality (6.46), we have
for RC1
&u&2L2(m) 2(R+2) |
X
1(u, u) dm+8C 22 |
X
.(x) ,(x)2 1[R.R+2] dm
+2m \,R&C1C2 +
2(R+2) E(u, u)
+8C 22 {| (C1 ,(x)2+C2,(x)4) 1[,- (R&C1) C2] dm=
+2m \,R&C1C2 +
2(R+2) |
X
1(u, u) dm
+2[4C 22 (C1 &,&
2
L4+&,&
4
L8)+1] m \,R&C1C2 +
12
2(R+2) |
X
1(u, u) dm+C5e&C4R2C2. (6.52)
Thus for 0<$C5 e&(C4C12C2), the inequality (2.4) holds with !($) in
(6.50). K
Remark 6.9. We can apply Corollary 6.8 to the natural Dirichlet form
on loop spaces over hyperbolic spaces. See Theorem 4.5 in [4]. In this
case, A is the closure of the set of smooth cylindrical functions with respect
to the seminorm & f &L p+&Df &L p for all p2.
Finally we will show that WSGP is stable under the connected sum of
the state space. Let [Xi]Ni=1 be the non zero measure subset of a probabil-
ity space X and set X n=ni=1 X i . N may be .
520 SHIGEKI AIDA
Suppose that for any n,
m(X n&1 & Xn)>0 (6.53)
and that for any =>0, there exists n(=) such that
m(X"X n(=))=. (6.54)
We set for u # D(E),
Ei (u, u)=|
Xi
1(u, u) dm, (6.55)
E n (u, u)=|
X n
1(u, u) dm. (6.56)
Theorem 6.10. Assume that there exist functions !i ( } ) (i=1, 2, ...) on
R+ such that for any u # D(E) it holds that
"u& 1m(Xi) |Xi u dm"
2
L2(Xi , m)
!i ($) Ei (u, u)+$ &u&2L(Xi) . (6.57)
(1) Then it holds that for u # D(E) & L (X, m),
"u& 1m(X 2) |X 2 u dm"
2
L2(X 2)
C1 ($) E 2 (u, u)+C2 ($) &u&2L(X 2) , (6.58)
where
C1 ($)=2m(X 2)&1 [m(X1) !1 ($)(4m(Y2) m(Y3)&1+1)
+m(X2) !2 ($)(4m(Y1) m(Y3)&1+1)], (6.59)
C2 ($)=2$m(X 2)&1 [m(X1)(4m(Y2) m(Y3)&1+1)
+m(X2)(4m(Y1) m(Y3)&1+1)] (6.60)
and Y1=X1"X2 , Y2=X2"X1 and Y3=X1 & X2 . In particular Poincare ’s
inequality is stable under a connected sum of state spaces.
(2) WSGP holds for E.
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Proof. (1) We have
|
X 2
dm(x1) |
X 2
dm(x2)(u(x1)&u(x2))2
|
X1
dm(x1) |
X1
dm(x2)(u(x1)&u(x2))2
+|
X2
dm(x1) |
X2
dm(x2) (u(x1)&u(x2))2
+2 |
Y1
dm(x1) |
Y2
dm(x2)(u(x1)&u(x2))2
:=I1+I2+I3 . (6.61)
Note that
I1+I2 :
2
i=1
2m(Xi)[!i ($) Ei (u, u)+$ &u&2L(Xi)]. (6.62)
For x1 # Y1 and x2 # Y2 , we have
(u(x1)&u(x2))22m(Y3)&1 |
Y3
(u(x1)&u(x3))2 dm(x3)
+2m(Y3)&1 |
Y3
(u(x2)&u(x3))2 dm(x3). (6.63)
Therefore
|
Y1
dm(x1) |
Y2
dm(x2)(u(x1)&u(x2))2
2m(Y2) m(Y3)&1 |
Y1
dm(x1) |
Y3
dm(x3)(u(x1)&u(x3))2
+2m(Y1) m(Y3)&1 |
Y2
dm(x2) |
Y3
dm(x3)(u(x2)&u(x3))2
4m(X1) m(Y2) m(Y3)&1 (!1 ($) E1 (u, u)+$ &u&2L(X1))
+4m(X2) m(Y1) m(Y3)&1 (!2 ($) E2 (u, u)+$ &u&2L(X2)). (6.64)
Combining (6.62) and (6.64), we complete the proof of (1).
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(2) The argument above shows that for any n, there exists ! n such
that
|
X n \u(x)&
1
m(X n) |X n u+
2
dm(x)
! n ($) E n (u, u)+$ &u&2L(X n) . (6.65)
By the property (6.54),
|
X
dm(x) |
X
dm( y)(u(x)&u( y))2
|
X n (=)
dm(x) |
X n (=)
dm( y)(u(x)&u( y))2+8 &u&2 =+4=2 &u&2
! n(=) ($) E n(=) (u, u)+$ &u&2L(X n (=))+8= &u&
2
+4=
2 &u&2 . (6.66)
Noting E n(=) (u, u)E(u, u), we complete the proof. K
Let us apply (6.10) to a diffusion process on a subset in Wiener space.
Let U be an open set in abstract Wiener space (X, H, m). Let us consider
the bilinear form
EU (u, u)=|
U
|Du(x)| 2 dm, (6.67)
where u # FCb and Du denotes the H-derivative of u and dm is the nor-
malized measure. It is proved by Kusuoka ([32]) that this is a closable
Markovian form. Let us consider the smallest closed extension EU on
L2 (U, m). Then we have
Corollary 6.11. Assume that U is a connected set. Then EU satisfies
WSGP.
Not that Kusuoka’s theorem is stronger statement than the above. The
assumption above that U is open and connected is quite stronger than his
assumptions, ‘‘H-connected’’ and ’’H-open’’. Also the domain of the
Dirichlet form may be bigger than ours.
Proof. For U, there exists a sequence of subsets [Xi]i=1 such that
(6.53) and (6.54) holds. Here Xi is a ball, that is, there exist point Pi and
=i>0 with Xi=[x # X | &x&Pi &X<= i]. Then an LSI and Poincare ’s
inequality hold on Xi . This is proved in Example in p. 422 in [18]. For the
completeness, we will give a proof. It suffices to prove an LSI on Xi in the
case where =i=1 and Pi=0. The proof of the general cases is similar to it.
Let ft (x)=Pt g(x), where g(x)=&x&X and Pt is the OrnsteinUhlenbeck
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semigroup on X. ft (x) is a convex function and belongs to D& (X)
(Watanabe’s space of test functions). Hence the Hessian D2ft (z) is non-
negative bounded self-adjoint operator. Let (u) be a C b function such
that (u)=0 for 0u1 and (u)>0 for u>1 and "(u)0 and set
8t (x)=( ft (x)). Then 9t ( } ) # D2& and its Hessian is also nonnegative.
Now let us consider a weighted measure on X such that dmt (x)=
Ct exp(&
9t (x)
t ) dm(x), where Ct is a normalized constant. Then by using
Bakry and Emery’s 12-criterion, it holds that for any smooth cylindrical
function u,
|
X
u2 log u2 dmt (x)|
X
|Du(x)| 2 dmt (x)+&u&2L2(mt) log &u&
2
L2(mt)
. (6.68)
Since mt converges to a normalized restricted measure of m on U as t  0,
the inequality (6.68) still holds for smooth cylindrical functions. So by
Proposition 6.10, we complete the proof. K
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